Transient orbital resonances have recently been identified as potentially important to the inspiral of small bodies into large black holes. These resonances occur as the inspiral evolves through moments in which two fundamental orbital frequencies, Ω θ and Ωr, are in a small integer ratio to one another. Previous work has demonstrated that a binary's parameters are "kicked" each time the inspiral passes through a resonance, changing the orbit's characteristics relative to a model that neglects resonant effects. In this paper, we use exact Kerr geodesics coupled to an accurate but approximate model of inspiral to survey orbital parameter space and estimate how commonly one encounters long-lived orbital resonances. We find that the most important resonances last for a few hundred orbital cycles at mass ratio 10 −6 , and that resonances are almost certain to occur during the time that a large mass ratio binary would be a target of gravitational-wave observations. Resonances appear to be ubiquitous in large mass ratio inspiral, and to last long enough that they are likely to affect binary evolution in observationally important ways.
I. INTRODUCTION A. Motivation
The evolution of large mass-ratio binaries has been a particularly active focus of research in the gravity community in recent years. This work has been motivated in part by the promise of astrophysical extreme mass ratio inspirals (or "EMRIs") as important sources for lowfrequency gravitational-wave detectors, but also because this is a limit of the general relativistic two-body problem that can in principle be solved with high precision. By treating the mass ratio of the system as a small parameter, the tools of black hole perturbation theory can be applied, treating the spacetime of the large black hole as "background," and the effects of the smaller body as a perturbation to that background.
On short timescales, the smaller body moves on a trajectory that is nearly a geodesic orbit of the binary's large black hole. "Nearly" refers to a self force arising from the small body's interaction with its perturbation to the spacetime that pushes the small body away from the geodesic worldline; see [1, 2] for reviews of the self force research program and snapshots of recent progress. This self force has a dissipative component which is responsible for inspiral, and a conservative component which shifts the short-timescale motion with respect to geodesics. Because the motion remains close to Kerr geodesic orbits in a meaningful sense, it is useful to use geodesics as a standard against which the motion is compared.
Bound Kerr geodesics are triperiodic [3] . Each orbit has a frequency Ω r that describes radial oscillations, a frequency Ω θ that describes polar oscillations, and a frequency Ω φ that describes rotations about the black hole's spin axis. In the weak field, these three frequencies become equal to one another, asymptoting to the frequency predicted by Kepler's law. They differ significantly in the strong field, with Ω r generically smaller than Ω θ and Ω φ . As a small body spirals into the strong-field of a large black hole, these frequencies evolve at different rates.
The different rates of evolution for these frequencies have potentially important consequences for how the self interaction affects the binary. For a slowly evolving system, each component of the self force can be written as a Fourier series in terms of the underlying fundamental frequencies [4] : (The φ frequency does not enter this expansion since, by axisymmetry, the self force cannot depend on the axial position of the small body.) For a slowly evolving orbit, the Fourier components f µ kn and the frequencies themselves slowly change as the orbit proceeds. For most orbits, Eq. (1.1) indicates that the self interaction is given by a secularly evolving near-constant piece (f µ 00 ), plus many rapidly oscillating terms (all terms with k = 0, n = 0). The rapidly oscillating terms average to zero over multiple orbits, and the bulk of the self interaction arises from f µ 00 . The strong-field behavior of Kerr black hole orbits can significantly change how the self force behaves on average. Some Kerr orbits are commensurate: their fundamental frequencies can be written Ω θ /Ω r = β θ /β r , where β θ and β r are small integers. When this is the case, there will be a set of integers (k, n) such that kΩ θ + nΩ r = 0 .
(1.2)
All terms in Eq. (1.1) for which Eq. (1.2) holds will be non-oscillatory, and so will not average away over multiple orbits. Resonant orbits, for which Eq. (1.2) holds for some k and n, have the potential to significantly change the evolution of binary systems near commensurate orbits as compared to the "normal" adiabatic evolution.
The importance of resonances has been the focus of several recent papers, examining their role in the astrophysics and orbital dynamics of black holes [5] , the possibility that they may allow a significant speedup in the computation of radiation from Kerr orbits [6] , as well as their impact on the self interaction of small bodies orbiting black holes. The first analysis looking at the self interaction was by Hinderer and Flanagan [7, 8] , who developed the physical picture sketched above, and studied these systems in more detail by coupling exact Kerr geodesics to a post-Newtonian self-force model. They found that this resonant behavior near commensurate orbits can significantly change the evolution of a binary, "kicking" the evolution of the orbit's conserved integrals as compared to an analysis that does not take the resonance into effect.
More quantitatively, let C stand for one of the integrals that characterizes Kerr geodesics (the energy E, the angular momentum L z , or the Carter constant Q). Hinderer and Flanagan show that near a resonance, the rate of changeĊ acquires a non-trivial dependence on the relative phase χ 0 of the binary's θ and r motions. Evolving the system through resonance, one finds that C is kicked by an amount ∆C that depends on this phase, by the amount thatĊ differs from its average value, and by the time T res that the system is "close to" the resonance: ∆C = ǫ Ċ (χ 0 ) − Ċ T res .
(1.3)
"Close to" a resonance is defined more precisely in Sec. II B, and the phase χ 0 is defined in Sec. III A. The parameter ǫ depends in detail on how the self interaction evolves as the system moves through the resonance. The influence of these kicks in a binary's evolution can be seen in Fig. 1 of Ref. [8] (particularly the middle panel).
B. This analysis
We now seek to go beyond the post-Newtonian approximations used in Refs. [7, 8] , with the eventual goal of self consistently evolving a large mass ratio binary through resonances using a strong-field dissipative self force. As the tools to do this analysis are being developed [9] , it will be useful to have some estimates of what we expect from this analysis. Our goal in this paper is to study orbital resonances using approximate tools that are simpler to use than rigorously assembling the strong-field dissipative self force.
Previous work [10] has given some insight into how self force components behave exactly on resonance, computing the on-resonance rates of changeĊ(χ 0 ). Our goal now is to begin to understand how systems behave in the vicinity of resonances. We examine a sequence of exact Kerr geodesic orbits, slowly evolving through this sequence using the Gair-Glampedakis (hereafter "GG") "kludge" approximation [11] . Combining strong-field geodesics with the GG formulas allows us to compute sequences [Ω r (t), Ω θ (t)] which approximate those that describe a small body spiraling into a Kerr black hole in general relativity. The GG formulas are designed so that a system's dissipation differs from rigorously computed strong-field formulas by no more than a few percent over the parameter range expected for astrophysical large-mass-ratio systems. They provide good estimates for the time it takes for a small body to spiral into a larger black hole, and should be good tools for surveying the "landscape" of orbital resonances.
The particular goal of this paper is to understand some practical issues regarding the importance of resonances: How often do resonances occur in realistic inspirals? When a resonance occurs, how long does it last? Given an ensemble of randomly selected EMRIs, how many will encounter a resonance during their inspiral, and will those resonances last long enough that they are likely to have a strong integrated effect on the system? Answering these questions will clarify how important it is to understand resonances when modeling large massratio binaries. We are particularly interested in understanding this in the context of space-based low-frequency gravitational-wave observations, like the proposed eLISA mission [12] . eLISA has a nominal mission lifetime of two years. As such, resonances that occur in the final two or so years of an EMRI's evolution are very likely to have an impact on our ability to measure their waves with this mission.
The formal answer to the question of how often resonances occur is deceptively simple: All EMRIs encounter an infinite number of resonances prior to the smaller body's plunge into the large black hole. This is because the period associated with radial motion, T r , diverges as the separatrix between stable and unstable orbits is approached; see Sec. III D for discussion. The period T θ remains finite in this limit, so Ω θ /Ω r → ∞ as the separatrix is approached.
Though correct, this formal answer is not so interesting. The vast majority of those orbital resonances will be very short lived and occur in rapid succession. What is more interesting is to understand which resonances are long lived and likely to have a strong impact on the inspiral. That is the purpose of this paper.
Previous work [10] has shown that the 3:2, 2:1, and 3:1 orbital resonances are especially likely to be importantthe deviation ofĊ(χ 0 ) from Ċ in Eq. (1.3) can be quite large, a necessary condition for the resonant parameter kick to likewise be large. In this paper, we study how often these resonances occur and how long they last for a wide range of inspirals. We pick a set of initial conditions that cover a range similar to what is expected for astrophysical EMRIs as observed by an instrument like eLISA, and then evolve them using the GG approximation.
We find that every inspiral encounters at least one of these resonance during the observationally important final two years of inspiral. Many inspirals encounter two resonances, and a few encounter all three. These numbers depend strongly on binary parameters, particularly mass ratio. Setting the large black hole to mass M = 10 6 M ⊙ and the small one to µ = 1 M ⊙ , we find that the 3:1 resonance occurs in the last two years of inspiral for all the cases we have examined. The 2:1 resonance occurs during these two years if the binary's initial orbital inclination is not too high (angle θ inc , defined precisely in Sec. III A, less than about 80
• ), and the initial eccentricity is low (e init 0.4). At these masses, the 3:2 resonance does not occur during the final two years for any case we examine, although it is just slightly outside this window for very shallow (θ inc 10 • ), low eccentricity (e init 0.4) inspirals into rapidly spinning (a 0.7M ) black holes. Because the inspiral time scales as M 2 /µ, we can find cases in which all three resonances occur in the final two years if M is smaller than 10 6 M ⊙ , or µ larger than 1 M ⊙ . In all cases, the 3:2 resonance lasts longest, meaning that the EMRI spends the most time near this resonance; the 3:1 resonance is the shortest. ("Near" resonance is defined by examining a phase variable which is stationary exactly on resonance. We define a system to be "near" resonance when this variable is within 1 radian of its value exactly on the resonance.) The fact that the 3:2 resonance lasts so long is a simple consequence of the fact that it occurs in the relative weak field (at the largest orbital radius of the resonances we survey). Conversely, the 3:1 resonance is in the relative strong field. Even the shortest resonance we survey lasts for over 50 oscillations for our 10 6 :1 binary; most of the resonances we examine last for several hundred oscillations at these masses. The number of near-resonance oscillations scales as M/µ, so we generically expect many dozens of oscillations even for mass ratios close to 10 5 or 10 4 . Taken together with the on-resonance rates of change presented in Ref. [10] , these results amplify the developing message of the importance of the resonant self interaction: Resonances occur frequently enough and last long enough that they are almost certain to have an important impact on the evolution of large mass-ratio binary systems. Indeed, our results imply that this behavior is generic -one should expect every observed EMRI to encounter a resonance. Self consistent modeling of a resonance's impact on binary evolution will thus be crucial for being able to observe this systems.
The remainder of this paper is organized as follows. We begin in Sec. II with a brief overview of inspiral in EMRI systems, and of the physics of orbital resonances, highlighting what is understood today, and what remains to be clarified. In Sec. III, we describe the tools and techniques that we use here. We briefly describe our parameterization of Kerr orbits (Sec. III A) and the GairGlampedakis inspiral "kludge" (Sec. III B). In Sec. III C, we show how important quantities scale with the masses of the binary's members. This allows us to do our detailed numerical calculations for a single set of masses, and then to extrapolate from there.
Section IV presents our results. We sample a wide range of large black hole spins, a wide range of initial eccentricity e, and a wide range of initial orbit inclination θ inc . We pick the initial separation so that the binary is just beyond the 3:2 resonance, and then evolve with the GG approximation until the smaller body reaches the separatrix between stable and unstable orbits. Figures 4 and 5 show our results for representative EMRIs; further data are given in Tables I -VIII. (To keep the main body of the paper from being swamped with data, these tables are given in Appendices A and B.)
Our conclusions are given in Sec. V. As already mentioned, our main conclusion is that resonances are ubiquitous and long lasting: We expect every astrophysical EMRI to encounter at least one orbital resonance en route to the binary's final plunge, and for this resonance to last long enough that it is likely to have a substantial impact on the system's evolution. This strongly motivates efforts to self consistently model how resonances impact extreme mass ratio binaries. We wrap up this paper by sketching plans for this analysis.
Throughout this paper, we use "relativist's units," with G = 1 = c. A useful conversion in these units is 1 M ⊙ = 4.92 × 10 −6 seconds.
II. OVERVIEW: INSPIRAL AND RESONANT SELF INTERACTION
We begin with a brief overview of the self interaction and how it drives inspiral in large mass ratio binaries. We particularly highlight how the self interaction behaves near commensurate orbits, showing how to compute the quantities which will be the focus of the remainder of this paper.
A. Overview of inspiral
Consider a small body moving in the spacetime of a large black hole. The most common astrophysical motivation for this setup is the "extreme mass ratio inspiral" or EMRI, in which a compact body of mass µ = 1 − 100 M ⊙ is captured onto a relativistic orbit of a black hole of mass M = 10 5−7 M ⊙ . We emphasize that this scenario can be taken as the large mass-ratio limit of the two-body problem in general relativity.
At zeroth order in the mass ratio, the small body follows a geodesic of the background spacetime:
The parameter τ is proper time along the small body's worldline, z µ (τ ) is its position along the worldline, and Γ µ αβ is the connection of the background spacetime. We will take this background to be a Kerr black hole. The symmetries of Kerr admit a set of conserved integrals of the motion which allow us to write Eq. (2.1) as first-order equations describing motion in the four Boyer-Lindquist coordinates [13] :
In these equations, Σ = r 2 + a 2 cos 2 θ, and
The quantities E and L z are the orbital energy and axial angular momentum, normalized to the mass µ of the orbiting body. They are related to the Kerr spacetime's timelike and axial Killing vectors,
where u µ ≡ dz µ /dτ is the 4-velocity of the small body. The quantity Q is the orbit's Carter constant, normalized to µ 2 . It is related to a Killing tensor admitted by the Kerr spacetime:
These three quantities are conserved on any geodesic. As described in the introduction, bound Kerr geodesics and any function which arises from them can be described in the frequency domain [3, 4] in terms of three fundamental orbital frequencies. Consider some function F that depends on a bound Kerr geodesic worldline z µ . Then, we can write
where t is Boyer-Lindquist time. (Many functions, including the self force components we will discuss below, have no dependence on φ. For them, the m index can be neglected.) This expansion is very useful for describing observables such as the gravitational waves generated by a binary, since t corresponds to time as measured on the clocks of distant observers. One can also define a frequency-domain expansion like Eq. (2.8) using a time parameter that is better suited to studying the strong-field motion than t. A common choice is "Mino time," which decouples the radial and polar oscillations; see [4] for further discussion of this time parameter and the frequencies associated with it. We will use the BoyerLindquist time expansion (2.8) for this analysis. At first order in the mass ratio, the spacetime is deformed by the smaller body's mass. The self interaction of the small body with its own spacetime deformation can be regarded as a self force 1 (or self acceleration) pushing the small body away from the geodesic worldline:
Excellent discussion of the gravitational self force research program and recent progress can be found in Refs. [1, 2] . For our purposes, it is enough to note that the self force can be broken into a time-symmetric conservative piece, and a time-asymmetric dissipative piece:
On average, the dissipative self force takes energy and angular momentum from the binary, driving the small body's inspiral, and the conservative self force shifts the orbital frequencies from their background values.
In this analysis, we neglect the conservative self force, focusing on the dissipative self interaction. We partially justify this by noting that the integrated conservative self interaction is smaller than the integrated effect of the dissipative piece by roughly the system's mass ratio [7] . We emphasize that are not arguing that it is correct to neglect the conservative self force (indeed, it is well known that the conservative self force has an important impact on the phasing of large mass ratio binaries [14] ), but are just suggesting that focusing on dissipation will give insight into the astrophysical relevance of resonances.
We further justify neglecting the conservative self force for the pragmatic reason that the dissipative self force is presently better understood than the conservative one. Mature codes exist to compute the averaged effect of dissipation [15] , and it appears to be straightforward to generalize these codes to analyze the instantaneous dissipative self force [9] . Detailed conservative self forces have been computed for arbitrary orbits in the Schwarzschild limit [16] , and progress on the Kerr case is proceding apace. It has already been noted using post-Newtonian techniques that the conservative self interaction has a non-negligible impact on the analysis of resonances [8, 17] . Flanagan and Hinderer in particular find for at least one example that the conservative effect, though smaller than the leading dissipative effect by about an order of magnitude, tends to augment the dissipative effects (see lower panel of Fig. 1 of Ref. [8] ). 1 The tilde onf µ ≡ du µ /dτ in Eq. (2.9) indicates that this describes the self interaction per unit proper time. We leave the tilde off elsewhere in this paper, indicating the self interaction per unit coordinate time:
It is not clear, though, if this is a general feature of the self force. The conservative and dissipative contributions to the self force will depend on various phases in different ways, so the augmentation that they find may be an accident of the case they focus on for their analysis. It will be valuable and interesting to include strong field conservative self forces in an analysis of this sort at some point in the future.
B. Form of the dissipative self force and its near resonant behavior
The dissipative self force has three components, which can be regarded as the instantaneous rate of change of the conserved integrals:
These components can be written
14)
where C stands for E, L z , or Q. We separate the 00 components to emphasize that these components survive any long-time averaging; we discuss this further below. Details of how to compute the coefficientsĊ kn will be given in a forthcoming paper [9] ; an example for the self force acting on a scalar charge is given in Ref. [18] . The phase variable appearing in Eq. (2.14) is given by
where t 0 is a starting time, defining when measurements of the system begin. For most times and most index pairs (k, n), the e iΦ kn (t) factor in Eq. (2.15) oscillates rapidly. When this is the case, then on average only the 00 term contributes to dC/dt. However, if it happens that the polar and radial frequencies are commensurate, meaning Ω θ /Ω r = β θ /β r with β θ and β r both integers, then the situation can change significantly. When k and n satisfy kβ θ +nβ r = 0, then the phase will be stationary near that time, and the exponential factor in Eq. (2.15) will vary very slowly. This behavior is illustrated in Fig. 1 . We show cos Φ kn (t) for an example inspiral near a moment when Ω θ /Ω r = 2; we describe how this inspiral is computed in more detail below. We have put k = 1 and n = −2, and have shifted the time axis so that t = 0 corresponds to the moment when Ω θ /Ω r = 2. This function oscillates rapidly before and after encountering these commensurate frequencies, but varies much more slowly at times near t = 0. The vertical red lines mark when Φ kn (t) differs by 1 radian from its value at t = 0. The function oscillates rapidly outside of this window, but evolves very slowly inside.
FIG. 1:
Behavior of cos Φ kn (t) for k = 1, n = −2 near a moment in inspiral at which Ω θ /Ωr = 2. To generate this plot, we take the large black hole to have spin a = 0.7M and mass M = 10 6 M⊙; the small body has mass µ = 1 M⊙. The inspiral has starting parameters p = 7.909M , e = 0.4, and θinc = 30
• . Further data related to this case is presented in Fig. 3 and Tables III and VII. With this behavior in mind, let us expand Φ kn (t) in a Taylor series. Let t res be the time at which the system encounters the resonance, and expand Φ kn :
(2.16)
The frequencies and frequency derivatives here are all evaluated at t res , and (k, n) are chosen so that kΩ θ + nΩ r = 0 at t = t res . Let us define the system as being "near" resonance when Φ kn differs from Φ kn (t res ) by no more than one radian. By Eq. (2.16), the amount of time spent near resonance is then given by
(The prefactor of 2 means the resonance lasts from −T res /2 to T res /2.) For the example shown in Fig. 1 , Eq.
(2.17) predicts T res = 61170M , within a few percent of the result 63140M found by directly computing the times at which the phase differs by 1 radian from Φ kn (t res ). Multiplying T res by Ω θ,r , we calculate the number of orbits the system spends near resonance:
We will use N θ and N r to describe the duration of each resonance.
III. TOOLS AND TECHNIQUES FOR OUR ANALYSIS
Here we describe the tools we use for this analysis. We discuss generic bound geodesics in Sec. III A, and the Gair-Glampedakis formulas we use to evolve through a sequence of these geodesics in Sec. III B. To reduce the number of cases we need to separately consider, we will do all of our computations for a single set of masses (M = 10
, and use the scaling laws developed in Sec. III C to extrapolate to other masses. Section III D wraps up this section by discussing the separatrix between stable and unstable orbits, and the behavior of Ω θ /Ω r as the separatrix is approached.
A. Generic bound geodesic orbits
The geodesic equations which describe motion at any moment have been presented in Eqs. (2.2)-(2.4). The key point for our analysis is that, up to initial conditions, geodesic motion is characterized by the three integrals E, L z , and Q. Here, we describe in more detail how we parameterize a given orbit. We remap an orbit's r and θ coordinates to parameters p, e, and θ m , defined by r = pM 1 + e cos ψ ,
Strictly speaking, we should include an offset phase ψ 0 in our equation for r. For geodesics, setting ψ 0 = 0 amounts to choosing the time origin when the orbit passes through periapsis. For much of our analysis, we use the angle θ inc introduced in Ref. [15] , related to θ m by
Varying θ inc from 0 to π continuously varies the orbit from prograde equatorial to retrograde equatorial. Any orbit with θ inc < 90
• is "prograde" (L z parallel to the black hole's spin); any orbit with θ inc > 90
• is "retrograde" (L z antiparallel to the spin). Once the three parameters p, e, and θ inc are known, it is straightforward to compute the three integrals E, L z , and Q. Formulas for computing (E, L z , Q) given (p, e, θ inc ) can be found in Ref. [3] .
References [3, 4] also provide formulas describing how to compute the three frequencies Ω r , Ω θ , and Ω φ given p, e, and θ inc . This means that, for our purposes, the parameters p, e, and θ inc completely characterize Kerr black hole orbits: Once those three parameters are fixed, all other quantities describing orbits can be computed. In Ref. [10] , we showed that the offset phase χ 0 is important on resonance. However, the self interaction calculations we do here are cruder than those done in Ref. [10] , so we are not sensitive to χ 0 in this analysis.
B. Evolving generic generics
As already mentioned, we eventually would like to selfconsistently compute the motion of the small body using a rigorously computed dissipative self force. We have begun developing code to compute the instantaneous dissipative self force components dC/dt [cf. Eq. (2.14)], and plan to couple this to a prescription for computing forced motion near Kerr black holes [19] . This work will be reported later [9] .
Our goals here are more modest, so a less accurate approach to modeling the binary's evolution will be adequate. Our main goal is simply to understand how often a given inspiral encounters an orbital resonance, and how long each resonance lasts, using Eq. (2.17) to estimate this duration. For this, we need to construct the sequence of frequencies [Ω θ (t), Ω r (t)] describing an inspiral. This can be easily done provided we likewise construct the sequence [p(t), e(t), θ inc (t)], or equivalently the
We use the Gair-Glampedakis (GG) "kludge" for evolving generic geodesic orbits to construct these sequences. GG provides formulas for estimating the rate at which E, L z , and Q change due to gravitational-wave emission. By fitting to numerical results from black hole perturbation theory in the limit of zero eccentricity and zero inclination, and then using post-Newtonian results to guide their functional form, they derive formulas which fit a wide range of numerical results from black hole perturbation theory for arbitrary black hole spin, large eccentricity, and large inclination. For example, the GG formula for the rate of change of L z is
This is Eq. (59) of Ref. [11] . The parameter ι is an alternate orbital inclination angle, defined by cos ι = L z / L 2 z + Q. For Schwarzschild black holes, ι = θ inc ; even for maximal Kerr black holes, ι only differs from θ inc by a few degrees. The function (L z ) 2PN is a slightly modified second post-Newtownian expression for the flux of L z carried by gravitational waves; the function (L z ) circ−fit is a (rather complicated) fit to black hole perturbation theory flux data forL z in the limit e = 0. See Secs. V and VI of Ref. [11] 
Reference [11] demonstrates that the GG approximation provides a surprisingly good model for the inspiral of small bodies into Kerr black holes. As such, this approach is very well suited for our goal of taking a census of orbital resonances encountered during inspiral. Discussion of the resulting inspirals we make using the GG approximation is given in Sec. IV.
C. Scalings with masses
One very helpful result which is independent of our use of the GG approximation is the leading scaling of certain important quantities with the binary's masses. Consider the orbit's energy E, axial angular momentum L z , and Carter constant Q. Recalling that we use units in which G = c = 1, dimensionless analogs of these quantities can be found by dividing out powers of µ and M :
We can similarly construct dimensionless versions of the time variable t and any orbital frequency Ω x :
The leading rates of change of E, L z , and Q have the following scalings with µ and M :
Combining Eqs. (3.6)-(3.8) with Eqs. (3.4) and (3.5), we find
forĈ =Ê,L z , andQ. From this, we deduce how the inspiral time scales with masses:
Next we would like to understand how the duration of a resonance scales with mass ratio. Here we need the derivatives dΩ θ,r /dt. The derivative of any frequencyΩ x witht has a very simple scaling:
The second line follows from the fact that ∂Ω x /∂Ĉ has no dependence on M or µ forĈ =Ê,L z ,Q -these dependences have already been scaled out at leading order. Putting factors of M and µ back in, we see that
By Eq. (2.17), this means that 14) and
These scalings should be accurate over the extreme massratio regime. We will therefore do our calculations for only a single pair of masses (µ = 1 M ⊙ , M = 10 6 M ⊙ ), and extrapolate from that using these results.
FIG. 2:
Behavior of R(r) for a stable orbit. This example is for an orbit about a black hole with a = 0.7M ; it has p = 5M and e = 0.5 (so motion is confined to 3.333M ≤ r ≤ 10M ), and has inclination θinc = 40
• . The root r3 ≃ 2.73M ; r1 through r4 are indicated on the plot). As p, e, and a are held fixed and θinc increased, r3 moves toward the orbit's periapsis, coinciding when θinc = 54.11
• . The merging of the roots r2 and r3 defines the separatrix between stable and unstable orbits.
D. The stable/unstable separatrix
Coupling the GG formulas to Kerr geodesics allows us to evolve orbits under gravitational-wave emission. This evolution drives orbits deeper into the strong field until eventually they encounter a separatrix between stable and unstable. The inspiraling body then rapidly plunges into the massive black hole. Perez-Giz and Levin [20] provide excellent discussion of the properties of this separatrix (noting that it can be understood by its equivalence to the family of Kerr spacetime homoclinic orbits), including easy-to-use formulas for computing its location in the space of bound orbits; many useful and relevant formulas can also be found in [21] . Here we briefly discuss a few critical properties of the separatrix as they pertain to our analysis.
Many of the properties of Kerr black hole orbits are determined by the function R(r) defined in Eq. (2.2). It is a quartic function of Boyer-Lindquist radius r, and can be rewritten R(r) = (1 − E 2 )(r 1 − r)(r − r 2 )(r − r 3 )(r − r 4 ) (3.16) using the fact that E < 1 for bound orbits. The roots r 1,2,3,4 are ordered such that r 1 ≥ r 2 ≥ r 3 > r 4 . They are determined by E, L z , Q, and a; Refs. [20, 21] provides explicit formulas for their values. Bound orbits oscillate between r 1 (apoapsis) and r 2 (periapsis), with r 1 = r 2 in the circular limit (e = 0). The root r 4 is typically inside the horizon (r 4 = 0 when Q = 0 or a = 0), and is never reached by any bound orbit. Orbital stability is determined by the root r 3 . Stable bound orbits have r 3 < r 2 ; the separatrix is defined by the condition r 3 = r 2 . Figure 2 shows R(r) for one example of a stable orbit. As orbits approach the separatrix, r 3 and r 2 move together, coinciding in the limit.
Along with terminating the inspiral, the separatrix has another important property for our analysis: The radial period diverges as it is approached. This is simple to understand by analyzing the radial motion using "Mino time" λ, the time variable which separates the r and θ motions. Using λ rather than proper time τ as the independent parameter, the radial motion is governed by the equation
(3.17)
The Mino-time radial period is then
.
The Boyer-Lindquist time radial period T r is easily computed from this; see Ref. [4] for details. The key point is that T r ∝ Λ r , and that the proportionality remains well behaved as the separatrix is approached. At the marginally stable orbit, Eq. (3.18) becomes
This integral, and hence Λ r , diverges. An orbit that is precisely on the separatrix will "whirl" for all time on a circular trajectory at the orbit's apoapsis -the hallmark of homoclinic orbits. By their proportionality, it follows that T r also diverges as the separatrix is approached. A similar analysis shows that T θ does not diverge at the separatrix, but just takes some finite value. The ratio Ω θ /Ω r therefore diverges on the separatrix, proving that (formally, at least) inspiraling bodies pass through an infinite number of orbital resonances en route to their final plunge into the large black hole. In practice, the small body will transition to a plunging trajectory near the separatrix.
IV. RESULTS
We now examine some key properties of extreme mass ratio systems as they evolve through resonances. We focus on two aspects of the system: How much inspiral remains after passing through a resonance; and how many oscillations in θ and r are executed near resonance.
The time remaining following each resonance is an indicator of how likely the resonance is to be of observational importance. As discussed in the Introduction, the most observationally important EMRI systems are those which are a few months or years away from their final plunge. A space-based low-frequency gravitational-wave detector like eLISA will be able to track the evolution of EMRI waves during these last few months or years. A resonance that occurs during this window is very likely to have direct observational consequences. Templates describing these systems will need to account for how the resonance modifies the binary's "normal" adiabatic evolution in order to remain in phase with the astrophysical waveform.
The number of oscillations executed at each resonance is directly related to the "kick" imparted to the system as it evolves through resonance. We emphasize again that to build a full picture of the resonance's impact we must self-consistently integrate the system under the influence of the dissipative self force, which we plan to do in future work [9] . However, in the absence of this selfconsistent picture, we can say with confidence that longer resonances are likely to imply greater "kicks" to orbital parameters, and vice versa. The duration of a resonance is thus an important indicator of its possible importance in the evolution of an EMRI.
Before discussing our results in detail, we first describe how we select the different inspirals that we study. Our goal is to cover a range of parameters which span what is likely for astrophysical EMRI events that may be measured by a future low-frequency GW mission, while keeping the total number of cases we study reasonable. The algorithm we follow is as follows:
• Choose the large black hole's spin from the set a/M ∈ [0.1, 0.4, 0.7, 0.9]. This range nicely covers the possibilities from slow to rapid spin. • Pick initial orbital eccentricity from the set e ∈ [0.1, 0.4, 0.7, 0.95]. This set covers a large portion of the range that is likely to describe astrophysical EMRI events [23] .
• Pick initial orbital inclination from the set θ inc ∈ [10
. This set surveys a range from nearly prograde equatorial orbits to nearly retrograde equatorial orbits. We are careful not to examine orbits precisely at 90
• , since the GG approximation may not be reliable there. Because θ inc evolves only slightly [11, 22] , its value is nearly fixed to its initial value over inspiral.
• Compute the value of p so that an orbit is exactly on the 3:2 resonance. We then inflate that value by 10%, and allow the binary to evolve using the GG approximation (Sec. III B).
In all cases, we fix the binary's masses to M = 10 6 M ⊙ , µ = 1 M ⊙ , and extrapolate to other masses using the results of Sec. III C. Figure 3 shows an example binary selected by this procedure and then evolved with the GG approximation. The large black hole has a = 0.7M , and the binary begins with e = 0.4, θ inc = 30
• . (These are the parameters used to illustrate the near resonance stationary phase of the self interaction in Fig. 1 .) Left panel shows how the binary evolves across the (p, e) plane -shrinking in p over the entire inspiral, shrinking in e until very late in the inspiral, and with θ inc nearly constant. Notice that as the binary crosses the three orbital resonances that we study, p and e are smaller (in some cases, significantly smaller) than their starting values. The right panel shows how the binary's frequencies Ω θ and Ω r evolve with time, with vertical dashed lines labeling the moments that the system passes through orbital resonances.
Although differing in detail, all of the examples we study are qualitatively similar to this case. In particular, we always find that p shrinks over the entire inspiral; e shrinks until the very end, at which point it grows slightly. (This behavior was originally discovered in studies of eccentric orbits spiralling into non-rotating black holes [24] , and was later confirmed to hold for all spins [25] .) The frequency Ω θ grows monotonically over the inspiral; Ω r reaches a maximum in the strong field, but then turns over, approaching 0 near the separatrix (cf. Sec. III D). Figure 4 shows how much time remains following each resonance for the binary shown in Fig. 3 . For the masses used to generate this plot, the 3:1 resonance occurs in the last several months of resonance at all inclinations; the 2:1 resonance occurs in the final two years of inspiral at inclinations less than about 80
• . The 3:2 resonance occurs much earlier (nearly six years before plunge at Tables I -IV for detailed data. the largest inclination we examine). Bearing in mind the M 2 /µ scaling of inspiral time, this plot indicates that the 3:1 resonance occurs during the final two years of inspiral for essentially all astrophysically important EMRIs. In many cases, both the 2:1 and 3:1 resonances occur during this time period. For shallow inclination and somewhat less extreme mass ratio (e.g., M = 10 6 M ⊙ , µ = 10 M ⊙ ), all three of the resonances we have examined occur during the final two years of EMRI evolution.
Data describing inspiral for other values of spin and eccentricity is presented in Tables I -IV, in Appendix A. Although differing in detail, their qualitative form is broadly the same as that shown in Fig. 4 . In particular, for M = 10 6 M ⊙ , µ = 1 M ⊙ , the 3:1 resonance occurs in the last few months of inspiral nearly always, reaching to about a year before final plunge in the most extreme cases; the 2:1 resonance occurs during the last two years for shallow orbital inclinations and relatively small initial eccentricites; and the 3:2 resonance occurs several years from final plunge. All three resonances are likely to occur in the last few years if the smaller mass is 10 M ⊙ or larger, or if the larger mass is smaller than 10 6 M ⊙ . Figure 5 shows how many radial oscillations N r the system executes as it passes through each resonance, using Eq. (2.18); N θ is simply related to N r by the resonance number. Computations are again done for the a = 0.7M , e init = 0.4 system that was used to generate Figs. 1, 3 , It's worth noting that both the duration of each resonance and the amount of inspiral left following resonance passage depend in a very simple way on a single parameter -the value of semi-latus rectum p at the moment of resonance passage. When a resonance occurs at large p, EMRI systems evolve relatively slowly, and they spend more time near resonances. The converse holds when resonances occur at small p. We show this in Fig. 6 , which is the same data as that shown in Fig. 5 , but rearranged to show N r as a function of p β θ :βr , the semi-latus rectum at the moment of resonance passage. Note that N r is close to a linear function of p β θ :βr . This is consistent with the results of Ref. [5] , which shows that eccentricity has only a modest effect on the value of p at which a resonance occurs except for orbits that are very close to the separatrix. A similar figure could be made to show how the time remaining in inspiral depends on p β θ :βr .
FIG. 6:
Reorganization of the data shown in Fig. 5 : We now show the number of orbits near resonance as a function of semi-latus rectum p at resonance passage. The points on each track label the different inclinations we study; from left to right, they are θinc = 10
• , 30
• , 150
• , and 170
• . Notice the nearly linear dependence of Nr on p.
V. CONCLUSIONS
Taken together, Figs. 4 and 5 (and their counterparts in Tables I -VIII) present the main message of this paper: Orbital resonances are ubiquitous in extreme mass ratio inspiral, and each resonance lasts for many oscillations -several dozen to many hundred, depending on the system's mass ratio. This amplifies the developing message of ongoing work on resonances: These effects are likely to have an observationally important effect on astrophysical extreme mass ratio systems.
It is worth noting that, in addition to the issues we consider here and in associated analyses, many other factors have an impact on the astrophysical relevance of resonances. Among them 2 are: The lifetime of the eLISA mission (or whatever low-frequency GW mission eventually measures EMRI waves); what portion of the EMRI signals overlap in time with this mission; the strength of the waves, and hence the integrated signal-to-noise ratio (especially the contribution to the signal-to-noise ratio from resonances); and the EMRI event rate, both in total, and as distributed with the masses M and µ. These points are, by and large, not well understood; and they are rather coupled to one another. We will not pretend to offer any deep wisdom, but will simply note that as the community begins to think about the impact that resonances can have upon EMRI measurements, these points must be considered eventually as well.
Although we have now studied various pieces of what is needed to understand the resonant evolution of extreme mass ratio binaries, it remains necessary that they be assembled in a self-consistent manner. Roughly speaking, the results of this paper tell us the "width" of each resonance (i.e., the time in which a system's evolution is sustantially modified by resonant physics); those of Ref. [10] tell us the each resonance's "height" (i.e., the extent of the deviation of the on-resonance rate of change of system parameters). Up to a factor of order unity, the product of these numbers tells us the kick in the binary's parameters due to evolving through an orbital resonance (cf. Fig. 1 of Ref. [8] ).
It is satisfying that our results are, so far, consistent with the picture originally developed by Flanagan and Hinderer [8] . However, rough agreement is not good enough for modeling EMRI systems. More precise understanding of how a system evolves through orbital resonances is almost certainly necessary to ensure that future observatories like eLISA will be able to measure these waves. Our plan for going beyond this analysis is to compute components of the instantaneous dissipative self force and the self consistently evolve the system as a "forced geodesic" [19] . Results describing the instantaneous dissipative self force for scalar fields are given in Ref. [18] ; generalizing to the gravitational interaction is straightforward provided we focus on the dissipative constribution. It turns out that all of the quantities we need can be computed with relatively minor modifications of pre-existing Teukolsky-equation solvers [15, 22] . As an example, one component of the dissipative self force can be written as the rate of change of orbital energy per unit Mino time λ [9, 26] :
where Υ θ,r are orbital frequencies conjugate to Mino-time λ, and where
The amplitudes Z lmkn describe the amplitude of the curvature scalar ψ 4 in a harmonic and Fourier decomposition; superscript * denotes complex conjugation, Γ relates Mino-time λ to Boyer-Lindquist time t, and ω mkn is a mode frequency conjugate to t.
The self force is of course gauge dependent; however, a two-timescale analysis [7] shows that its impact over a long timescale T insp is dominated by a gauge-independent result (with subleading gauge-dependent contributions that scale as T orb /T insp ). Hence the results computed in this way are not gauge ambiguous provided we integrate the system over a long time compared to a typical orbital period. We are now beginning to overhaul our group's Teukolsky equation codebase in order to do this analysis.
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